& Homotopy of Roses &

Louise LECLERC, April 2026 A floral 28th birthday gift for Aube %%

This document is a follow-up to the assignment "The Fundamental Group" and explores the fundamen-
tal group of roses (or bouquets of circles) through their universal covering.
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Figure 1: The Cayley graph of the free group on 2 generators.



Part 1: Graphs as combinatorial spaces

In this first section, we give a combinatorial counterpart of homotopy in graphs. Although we will not be
exhaustive on this topic, we will explain how to construct a topological space out of a graph, and show
some relations between the combinatorial and topological sides.

Definition 1.1: Graph

In this assignment, a graph G is the data of

¢ a countable set Gy of vertices.
* a countable set G of edges.

* two maps src, tgt : G| — Gy respectively assigning to an edge its source and target.

We let é\l be the set of edges ¢ € G; and their formal inverse . We also define ¢ := e for e € G;. We
call signed edges the elements of G, and we let src(2) = tgt(e), tgt(¢) = src(e). A (non directed) path in
G is an alternating finite sequence y = (xo, €1, X1, - - , X,—1, €n, X») Of vertices (x;)o<ij<, and signed
edges (¢;)1<i<pn. such that for each 1 < i < n, src(¢;) = x;_1 and tgt(e;) = x;. We may write such a
path as follow:
€1 €2 en

Xg—X1— - —Xp
we may also write ¢ : xg — x,, for emphasizing its endpoints. We write ¢, = (x) the only path of
length 0 from x to itself. The integer n € IN is called the length of v, and we say that -y is a path from
xp to x;;. The path + is called simple if there isno 1 < i < n such that ¢;;1 = ¢;. The graph G is said to
be connected if there is at least one path from x to y for each pair of vertices x, y.
It is said to be acyclic if there is no simple path of length # > 0 from some vertex x to itself in G.
It is said to be a tree if it is both connected and acyclic.
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Figure 2: A graph and a path.



—[ Definition 1.2 : concatenation, inverse }

Given two paths

e1 e en €n+1 €n+2 em
Y=X0—X1— - —Xn 5:xn_xn+1_"’_xmz

in a graph G, we denote y * J their concatenation, which is defined as the path

\

e1 5] en €n+1 em
xO — xl —_ e e — xn —_ e e — xm

. _ en €n—1 2) . ..
Given a path  as above, we denote ¥ := x, —x,_1 — - -+ — xo which we call its inverse.

Definition 1.3 : combinatorial homotopy \

. . . . €1 e e
Define the one step reduction relation ~» on paths by v ~ 7' iff v = xg—x;— -+ —x, and
€ € €i—1 Cit2 e . _

v =xg—X|— -+ —Xj_1] = Xj41— - - —xy. Forsome 1 < i < nsuch thate; ;1 = &. If ¥ ~» 7/ we

say that vy reduces to ' in one step.

We denote by ~~* its reflexive transitive closure, which we call the reduction relation. When 7y ~~* «/,
we say that 7y reduces to 7.

Finally, we let ~ denote the symetric closure of ~+*, which we call the (combinatorial) homotopy rela-
tion. When 7 ~ 9/, we say that they are (combinatorially) homotopic.

1) Let G be a graph.

a) Let vy be a path in G such that v ~» 9/ and 7y ~» 7. Show that either 7/ = 7" or there is a path § such
that 7/ ~~ 6 and v ~ 6.

b) Deduce that for any path 7 in G, there is a unique simple path — which we denote 7+ — such that
v ~* 4+, We call ¢+ the simple path associated to .

c) Deduce that there is exactly one simple path in each equivalent class of ~.

2) Let G be a graph.

a) Show that the concatenation operation * is associative, and that for any path y : x = yin G, y x5 ~»*
cxand 7y x 7y ~* ¢y
b) Lety, v : x = yand J, & : y — z be paths in G. Show that v ~ 7' and § ~ &' implies y x 6 ~ o/ x &'.

c) Show that in an acyclic graph (resp. a tree), there is at most (resp. exactly) one simple path between
any two vertices.

Definition 1.4 : Realization of a graph

Let G = (G, Gy, src, tgt) be a graph. Its realization is the quotient topological space
|G| = (GO il HeeGl [0/ 1])/g|ue

where Glue is the equivalence relation generated by:

e Ve € Gy, src(e) Glue (¢,0)
e Ve € Gy, tgt(e) Glue (e, 1)
Let (-) : (GoII [ e, [0, 1]) — |G| denote the quotient map. Recall that the quotient topology on |G|

is the topology generated by the U C |G| such that (-)~!(U) is open. It is equivalently described as
the final topology for (-), that is the finest topology on |G| which makes (-) continuous.
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Figure 3: Realization of a square by gluing edges and vertices

3) (optional, you may admit this result) Let G be a graph. We define the quotient pseudometric d on |G| by the
formula

d({e,s), (¢, 1)) = inf Y. |t —sil

(ei,si), (eir ti)Glue(eiv, si) g<i<n
and for x a vertex which is neither a source or a target and ) any class in |G|

Oifx e x

+o00 otherwise

d({(x), x) =d(x, (x)) = {

Where the infimum ranges over the set of all finite sequences of pairs (e;, s;)1<j<, and (e;, t;)1<j<, such
thatn > 1, (eq,s1) Glue (e,s), (en, tn) Glue (¢/,t) and foreach 1 < i < n, (e;, t;) Glue (ej11, s;)-

Show that the quotient pseudometric on |G| is a well-defined (generalized) metric on |G|, which induces
a coarser topology than the quotient one. In particular, |G| is always Hausdorff. Assume moreover that
G is such that for each vertex x of G, {e | src(e) = x V tgt(e) = x} is finite, and show that the metric d
induces the quotient topology on |G|.

Definition 1.5: Realization of a path

Let G be a graph and v = xg 22 2y bea path in G. We define its realization || : [0, 1] —

|G| as follows:
ify=cy, |7]=cpn.

(ej,(n-t—i+1)) ife;e G

otherwise, forl<i<mandte[(i—1)/n,i/n], |y|t):= {(e (i—n-6) fe.c G\ G
i \b— 1 i 1 1

\

4) Let G be a graph

a) Let 7 be a path in G. Show that || is a well defined path from (x) to (y) in |G|.
b) For v, é two concatenable paths in G, show that |y % 6| ~ || *|d].



¢) For v, ¢ two paths in G such that v ~ J, show that |y| ~ |4].

Definition 1.6 : Homotopy group of a graph

Let G be a graph, and x a vertex of G. We denote (Q)(G, x), *) the monoid of paths in G from x to

itself. Then the homotopy group of G is the group (G, x) /. with the law induced by *. We denote it
m1(G, x). In general we denote [y] the class of any path 7 under the relation ~.

5) Let G be a graph and x a vertex of G, we want to show that the realization induces a surjective morphism
(G, x) - m(|Gl, (x))-
a) Show that [y] — [|7|] is a well defined application from classes of paths from x to y in G, to classes of
paths from (x) to (y) in |G|. And that it is compatible with the operation induced by *. In particular,
it yields a group morphism @ : 711 (G, x) — m;1 (|G|, (x)).
b) Let<y : (x) — (y) in |G|. Show that y ~ 77 * - - - % 7, for some n € N (by convention 7y ~ ¢y if n = 0)
and for each i, 9; : (x;) — (x;41) coretricts to the image of an edge ({e;} x [0, 1]) C |G|. Conclude
that vy is homotopic to |4 for some path ¢ in G. In particular, ® is surjective.

6) Let G be an acyclic graph and x a vertex of G, show that 771 (|G|, (x)) is trivial.

Part 2: Roses and regular trees

In this section, we will introduce roses and their universal covering, which are realizations of regular trees,
or equivalently of Cayley graphs for free groups. We will then compute the homotopy groups of roses.
We fix a countable family of symbols (¢;);en+ and write A, for {¢;};<,.

C

Figure 4: Rose graphs with 2 and 3 petals.

Definition 2.1 : Roses, Free groups 3

Let A be any countable set. The rose graph with A petals R 4 is defined as follows:

¢ It has only one vertex which we denote e.

¢ It has for edges the set A.

We denote R 4 = |Ry4| its realization, which we call the rose with A petals. The free group on A,
denoted F4 is defined as 711(R 4, ®). When seen as a representant of an element of IF,,, a path w :
e — e in R, may be written asa word e; - - - ¢, fore; € fl, it is also called a reduced word whenever it
is simple.

When A = A;, we call R, := Ry, the rose graph with n petals, R,, := R 4, the rose with n petals and
), = IE4, the free group on n generators.




Definition 2.2 : Regular tree \

Let A be any countable set, The 2.A-regular tree T 4 is defined as follows:

¢ It has for vertices the elements of the free group IF 4.

e For each w € Fy4 and ¢ € A, there is an edge (w,e) in T4 with src((w,e)) =w and
tgt((w, e)) = we.

We write T4 for its realization |T 4|. When A = A,;, we call T, := T 4, the 2n-regular tree, and write
Tn for T4,. There is a canonical continuous map p : 74 — R 4. which is defined as follows when
A# QO

p(((w,e),s)) = (e,s)

\. J

Exemple 2.3
A representation of the 4-regular tree T, is given in Figure 1 on the frontpage. Beware that it is a non-
isometric illustration of its realization 75.

In the remaining of this section, we fix a non-empty countable set A and study the spaces R 4 and 7 4.

7) Show that p is a well-defined continuous map.

8) We show that (74, p) is a covering of R 4. More explicitely, let x € R 4, we show that there is an open
neighborhood of U, of x such that p_l(ux) = Uwer, Vrw and for each w € [y, p|gjw Ve = Uyisa
homeomorphism. Refer to Figure 5 for an illustration.

a) We consider the case x = (e, s) for some ¢ € A and s €]0, 1[. Show that the following opens are
suitable.

Uy = ({e}x 10, 1[) Vi = ({(w,e)} x]0,1[ )
b) We consider the case x = (o) € R 4. Show that the following opens are suitable.

Ur = (Ax (10, 1\{1/2}))  Viw = { {(@e)}oea x [0, 1/2] ) U{ {(w,e) e x]1/2,1])

We now focus on proving the following lemmas, which will allow us to lift paths and homotopies in R 4

on its covering space 74 in a very similar fashion to what we did in the first assignement with the covering
1

exp:R — S5

Lemma 2.4 : Path lifting property

Lett <t € Rand 7 : [t, ] — R4 be a continuous map with x := (t), and lety € p~'(x). There
exists a unique lift 7 : [t, '] — T4 such that poy = y and 7(0) = y.

Lemma 2.5 : Homotopy lifting property \

Lett < #,5s < ¢ € Rand H : [5,¢] x [t,] — R4 be a continuous map with y :=
H(s,-):[t, ] > Ry and let 7 : [t, ] — T4 be a lift of v, that is with po7 = 7. Then there
exists a unique lift H : [s, s'] x [t, '] — T4 suchthatpo H = Hand H(s, -) = 7.

\

9) Show Lemma 2.4.
10) We now focus on Lemma 2.5. Consider t < t/, s < s/, H,y and 7 as in the statement of the Lemma.

a) First assume that H ([s, s'] x [t, t']) C Uy for some U, as in the statement of question 8. Then show
Lemma 2.5 in this case.

b) Now let u € [t, t'], show that we may find an interval N, C [t, #'] which is a neighborood of u in
[t, '], together with a subdivision s = sy < §1 < -+ < s = §' of [s, '] such that for each 0 < i < m,
H([si, siy1] x Ny) C U, for some Uy as above.
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Figure 5: A point x in R, and its preimages, the open neighboroods U, and its preimages.



¢) Deduce that for each u € [t, ], there is an interval N, C [t, '] which is a neighborood of u in [t, ']
on which the lift H|, ¢}y, exists and is unique. (Beware that N, might need to be smaller than that
found in 10.b)

d) Conclude that H exists and is unique.

We make a small detour and define a nice structure on 74: a continuous action of IF4 on the space T4, which
acts simply transitively on each fibers p~!(x) for any x € R 4.

,—[ Definition 2.6 : F g-action and division in 74 } .

We define a [F4-action on 74 by the formula
u-((w,e),s) = ((uw, e),s) (w,uclFyec A secl01]).

Given any two points y, z in T4 such that p(y) = p(z), we denote by z/y the unique element of IF4
such thatz/y -y = z.

\

11) a) Check that - is well-defined, and is indeed a [F 4-action.
b) Show that the division operation on 7y is well defined and continuous 74 x, T4 — F4. Where
T4 Xp Ta denotes the subspace {(y, z) € T3 | p(y) = p(z)} of T3.

We may now finally compute the fundamental group of the rose 711(R 4) = 71(R 4, (®)). The following
definition will be useful to address this computation.

Definition 2.7 : Holonomy

Lety : (o) — (o) bealoopin R 4. Let ¥ be a lift of 7y as given by Lemma 2.4. We define the holonomy
of v by the formula

hol(7) = 7(0)"'4(1) € Ea
Where we identify 4(0) and (1) with their unique element in [F4.

\

12) Show that the holonomy of a path 7 is a well defined element of IF4.

13) Show that hol induces a group isomorphism 711 (R 4) — F4.

Part 3: Homotopy groups of graphs

In this last section, we come back to graphs and give a method to compute their homotopy groups. We
also verify that combinatorial graphs (with a spanning tree) and their realizations have the same notion of
homotopy. Finally, as an application, we compute the fundamental group of an infinite square grid.

Definition 3.1: Subgraph \

Let G be a graph. A subgraph G’ = (G, G}) of G (written G’ C G) is the data of

* Asubset Gy C G of vertices.
e Asubset G| C G of edges.

which are closed under the src and tgt operations.

Definition 3.2 : Spanning tree N

Let G be a connected graph. A spanning tree of G is the data of a subgraph T C G, such that T is a tree
and has for vertices all the vertices of G.




14) Let G be a finite! connected graph. Show that G admits a spanning tree.

15) Let G be a connected graph and T C G a spaning tree of G. Let x be a vertex of G. We compute 771 (G, x).
Let A := G; \ Ty. For e € A, we write J, for the unique simple path x — x of the form -y * (y,e,z) 7/
with 7y and 9/ simple paths in T. Show that the map e — &, : A — Q(G, x) extends to a unique group
isomorphism ¥ : F4 — 71 (G, x).

16) We finally study the homotopy group of a realization of a graph. Let G be a connected graphand T C G
a spanning tree of G. As above, let A := G; \ Tj

a) We consider the map contr : |G| — R 4 defined by

contr((y)) = (e) fory € Gy

(o) ifeeT

foree G1,s€ 0,1
(e,s) ifee A eresm 0,1]

contr({e,s)) = {

Show that contr is well defined and continuous.

b) Show that there is a commutative square

m1(G, x) 2 mi (|G, (x))
y-1 ‘rtl(contr,x)
E4 - m(Ra, (o))

where @ is the morphism constructed in question 5, and ® the one constructed in question 15. De-
duce that ® and 71y (contr, x) are group isomorphisms.

17) Consider the infinite grid G = (Z x R) U (R x Z) C R2. Compute its fundamental group 711 (G, (0,0))
and give explicit generators for this group.

l (o,0)

Figure 6: Two loops at (0,0) in the grid G

1 Although you proof will certainly generalizes to the infinite case, note that the corresponding statement for infinite graphs is less
innocent from a logical point of view, as it requires AC. See for instance this anwser


https://mathoverflow.net/questions/228533/existence-of-spanning-tree-implies-well-ordering-principle
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